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Abstract. We consider models with a general structure which, for example,
encompasses the so-called DI, SP or DISP models with mass action incidence.
We give a very simple formule for the basic reproduction ratio R0. If R0 ! 1
we prove that the disease free equilibrium is globally asymptotically stable on
the nonnegative orthant. IfR0 > 1, we prove the existence of a unique endemic
equilibrium in the positive orthant and give an explicit formula. We prove the
global asymptotic stability of the endemic equilibrium, when R0 > 1 for SP
model.
1. Introduction. The objective of this paper is to provide a stability analysis for
models with a general structure and mass action incidence. The structure can deal
with various complex interactions between di!erent classes of infectiousness. We do
not consider di!erence in susceptibilities as it is the case for example in [10]. We
also consider mass action incidence. Mass action incidence is plausible in number
of cases ( see e.g [15]) or when variables considered are concentration (as number
by unit area). Or as was pointed out in [21, 38], if the number of contacts per
person, in general, is a function of the population size. For certain diseases, such
as influenza and measles, or in certain ranges of population sizes, it is appropriate
to assume that the number of contacts is proportional to the population size. Then
the rate of infection has a bilinear form.
Our structure can handle models with di!erent classes of latency and infectious-
ness. Models with variation in infectiousness have been considered since a long time
in the literature [28, 1, 26, 42, 43]. Many reasons can be invoked to consider such
models. If the infectiousness changes over the infectious period, one can model this
fact by using di!erent values of ! for each stage. Most models of HIV infection are
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with four or more stages of infection. The case of infection with carriers is also such
example. This is the case of HBV infection, tuberculosis ([40]), cholera or typhoid.
A second reason is that a chain of compartments gives an Erlang distribution for
the residence time [28, 23, 36, 35].
Actually introducing di!erent stages in the simple SEIR model can be motivated
by biological reasons or phenomenological reasons. For example in within-host
models of malaria the introduction of di!erent class of parazitised erythrocytes
is sensible [14, 13]. On the other side if the density function of residence period
in a stage is measured, then a linear chain or parallel linear chains can give a
good phenomenological model [24]. The SI models with di!erent infectiousness has
now a long story in the literature. The first models has been introduced for the
transmission of HIV [28, 2]. These models have been called Staged progression
models (SP) in [22], where another structure is also introduced the di!erential
infectivity models (DI).
Our models encompass the so-called staged-progression models and di!erential
infectivity models with mass action incidence, but can also represent more complex
relations between di!erent infectious classes as for example CBPP models (Continu-
ous Bovine Pleuro Pneumonia)[3] [45, 22]. These models represent also within-host
models of parasites such that HIV or malaria plasmodium [7, 14, 13, 41]
We consider k latent classes E1, . . . , Ek and n!k infectious classes Ik+1, . . . ,In.











!i Ii ! #1 E1
· · ·
Ėk = $k!1 Ek!1 ! #h Ek
İk+1 = $k Ek ! #k+1 Ik+1
· · ·
İn = $n!1 In!1 ! #n In
Ṙ = $n+1 In ! #n+1 R
(1)
where S is the density of susceptible individuals ( for example area density ), the
function " is usually "(S) = " ! µS S, Ii is the density of infectious individuals
of class i. We denote by #i = $i + µi the sum of the progression rate in the
next compartment and the specific death of the i-th compartment. For the last
compartment #n+1 is simply the death-rate, however we keep this notation for
homogeneity of the formulation.
We will consider this system with a class C1 function " such that the system ẋ =
"(x) has a unique globally asymptotically stable equilibrium x" > 0 on R+. This
means that the population, when there is no disease, stabilizes to a demographic
equilibrium x".
With this hypothesis #i " $i. We remark that we do not need this assumption on
the parameters. In some models, as for example in within-host models for HIV or
Malaria ([14, 7]), some $i can be greater than #i to take in account the multiplication
of parasites when leaving an infected cell.
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In these models di!erent class of latent (infected but not infectious) individuals
can also be introduced, simply in setting some !i to 0, giving a SEIR staged-
progression model.
On the contrary a DI model is a model in which individuals enter a specific group









İ1 = %1 S
n%
i=1
!i Ii ! #1 I1
· · ·
İi = %i S
n%
i=1
!i Ii ! #i Ii
· · ·
İn = %n S
n%
i=1
!i Ii ! #n In
Ṙ =
&n






The meaning of the coe#cients is the same as before.
Finally DISP models can be considered, i.e. parallel linear chains of di!erent
length. All these models can be written under one single form.
The models considered in this paper have the following structure.
'
ẋ = "(x) ! x!T .y
ẏ = (x!T .y)b + A y = (A + b!T ) y (3)
where x # R+ represents the class of susceptible individuals, y # Rn+, as a column
vector, represents the di!erent class of latent, infectious and removed individuals.
The di!erent infectiousness coe#cient are in ! # Rk+ a nonnegative vector. We
denote by !T the transposition, hence !T .y is the inner product of ! and y. The
vector b # Rn+ is nonnegative and A is a stable Metzler matrix [25, 37] (A Metzler
matrix is a matrix with o!-diagonal entries nonnegative, some authors also call
these matrices quasipositive)
The function " represents the demography of the population. For example "
can be the widely used function "(x) = " ! µx x. Hence we assume that " is of
class C1 function and that the system ẋ = "(x) has a unique positive, globally
asymptotic equilibrium x" on R+. In other words when there is no disease the
population stabilize to a demographic equilibrium x". This hypothesis is usual in
the literature.
There are two schools for matrices like A. The first one, uses Metzler matrices
and is represented by J.A. Jacquez, D. Luenberger or H. Thieme [24, 25, 37, 44].
The second one uses M -matrices, the opposite of Metzler matrices, represented
by Bermans and Plemmons or van den Driessche ([5, 45]). We choose to stick to
the Jacquez point of view, natural for compartment models, since our matrix A
represents the exchanges between compartments (and also with the outside world).
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Or expressed di!erently ẏ = Ay describes the dynamic of the infected compartments
when the recruitment of infected is blocked.
In this paper, we will give a simple formula for R0, prove that if R0 $ 1 then
the disease free equilibrium is globally asymptotically stable, prove that if R0 > 1
there exists an unique endemic equilibrium. We will prove the global stability for
SP and DI models. Theses results generalize the results obtained in [21, 22]
2. Notations and applications. We show in this section how our structure can
take into account the DI,SP, and DISP models with mass action incidence. It is the
straightforward to represent more complex relation between infected (exposed and
infectious) compartments.
The usual euclidean norm of a vector x is denoted by %x%22. The canonical basis
of Rn is denoted by {e1, · · · , en}. For example e1 = [1, 0, · · · , 0]T .
If x # Rn we denote by xi the i-th component of x. Equivalently xi = xT .ei.
For matrices A,B we write A $ B if aij $ bij for all i and j, A < B if A $ B
and A &= B, A ' B if aij < bij for all i and j. For a matrix A we denote by A(i, j)
the entry at the row i, column j.
In denotes the n ( n identity matrix. Im,n the m ( n matrix with 1 on the
diagonal. 0p,q is the p( q zero matrix.
We also denote by A!T the transpose of the inverse of A.
For later references we precise in this section the di!erent values of the parameters
of the general system (3) for di!erent particular system.




!#1 0 0 · · · 0
$1 !#2 0 · · · 0
0 $2 !#3 · · · 0
...
. . . . . . . . .
...
0 · · · 0 $n !#n+1
+
,,,,,-
! = [!1, · · · ,!n, 0]T ; b = e1
It is su#cient to consider the k first components of ! equal to 0 to obtain a
SE1 · · ·Ek Ik+1 · · ·En R model




!#1 0 0 · · · 0
0 !#2 0 · · · 0
...
. . . . . . . . .
...
0 · · · 0 !#n 0
$1 · · · $n!2 $n!1 !#n+1
+
,,,,,-
! = [!1, · · · ,!n, 0]T ; b = %1e1 + · · · + %nen
2.3. DISP systems. Similarly we can define DISP models of k parallel linear
chains of di!erent lengths. Introducing dummy class we can suppose that the length
of the parallel chains are equal. Then the system can be written under the general
form (3) with A a diagonal bloc matrix A = diag(A1, · · · , Ak where each Ai is a
matrix similar to A defined in section 2.1, and if we identify the state space of the
system with R( (Rn)k the vector b is
b = %1e1 + · · · + %nen
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where ei is the first vector of the canonical basis of the i-th component of (Rn)k.
3. Dissipativity and global stability of the DFE. We consider the general
structured model (3). We only assume that the coe#cients are nonnegative. We
denote by x" the global asymptotic equilibrium of " on R. This is the demographic
equilibria of the population without disease. The disease free equilibrium is then
(x", 0, · · · , 0).
3.1. Positive Invariance of the nonnegative orthant. With the hypothesis on
the parameters of (3) it is straightforward to check the positive invariance of the
nonnegative orthant Rn+1+ by this system.
3.2. Boundedness and dissipativity. We will prove that there always exits a
convex compact positively invariant absorbing set K! for the system (3).
Since A is Metzler stable matrix (equivalently !A is a M -matrix [5]) there exists
a positive vector c ) 0 such that AT c ' 0. We define
VB(x, y) = cT .bx + cT y
Since c ) 0 we have c.bT ) 0.The derivative V̇B of VB along the trajectories of
(3) is
V̇B = cT .b"(x)! x cT .b!T .y + x cT .b!T .y + cT .A y
= cT .b"(x) + cT .A y (4)
We set $ = max
x#R+






+ cT .bx" (5)
We now consider for ' " & the set K! defined by






















K! is a compact set of the nonnegative orthant which contain [x", 0, · · · , 0]T in
its interior. Actually K! is the n + 1-dimensional simplex. We will prove that K!
is a compact positively invariant set for (3) if ' " &. Since the nonnegative orthant
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is positively invariant it is su#cient to prove that no trajectory of (3) can leave K!
by its boundary %! where
%! = V !1 {'}) * Rn+1+
This is equivalent to prove that V̇ $ 0 on %!. For this we divide %! in two parts
%1! = %! *
.
(x, y) # Rn+1+ | x " x"
/
and
%1! = %! *
.
(x, y) # Rn+1+ | x" " x
/
Since x" is globally asymptotically stable, on %1!, "(x) $ 0 and by (4), we have
V̇ $ 0 on %1!.
By definition of %! on %2! we have VB(x, y) = ' = cT bx + cT y.
By Cauchy-Schwarz inequality, on %2! we have











Therefore on %2! the following inequalities are satisfied
! cT .Ay " min
i
(!AT c)i (y1 + · · · + yn) " min
i
(!AT c)i %y%2 " cT .b$
Hence
V̇B = cT .b"(x) + cT .Ay $ cT .b$ + cT .Ay $ 0
on %2!.
This ends the proof of the positive invariance of %! for ' " &.
Since V (x, y) - +. when (x, y) - +., any initial condition (x0, y0) in the
nonnegative orthant is contained in a K!. This proves that any trajectory is forward
bounded.
We will now prove that K! is a compact absorbing set for any ' > &. An absorbing
set D is a neighborhood such that a trajectory of the system starting from any initial
condition enters and remains in D for a su#ciently large time T . Let consider
an initial condition (x0, y0) and the forward trajectory from this initial condition.
We assume (x0, y0) &# K! otherwise since we have proved that K! is positively
invariant we are finished. We will prove by contradiction that this trajectory enters
K!. We suppose, by contradiction, that the trajectory stays always out of K!. In
other words for any points (x, y) of the trajectory V (x, y) > ' > &. An analogous
computation as the preceding one implies V̇ $ 0. The function V is decreasing on
the trajectory. Now since any trajectory is bounded the set %x0,y0 of (-limit points
of the trajectory is non empty and by hypothesis is contained in the closure of the
complementary set of K!, the set {(x, y) &# K!}. By LaSalle’s invariance principle
%x0,y0 / {V̇ = 0} * {(x, y) &# K!}. Since V̇ (x, y) = cT .! "(x) + cT .Ay we have
{V̇ = 0} = {(x", 0, · · · , 0}. The point (x", 0, · · · , 0) is in the interior of K!, this
implies that %x0,y0 = 0, hence a contradiction.
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3.3. Basic reproduction ratio. As usual the basic reproduction number is the
expected number of secondary cases produced in a completely susceptible popu-
lation, by a typical infected individual during its entire period of infectiousness
[17, 45, 9, 8]. We can give a simple elegant formula for the R0 (compare with
[22, 38]).
To obtain R0 we can use the techniques developed in [45]. We claim
R0 = x" !T (!A!1)b (6)
We use the expression (!A!1) to put the emphasis on the fact that (!A!1) > 0
because A is Metzler stable.
Using the frame of [45], we define by Fi(x, y) the rate of appearance of new
infections in compartment i, and by Vi(x, y) the rate of transfer of individuals in
and out the compartment i by all other means. The matrix V is the “mass” balance





















"$(x)! !T .y !x!T
0 A
1
Noting that we have sorted the variables in the reverse order of [45], we set
F = x" b!T an V = A
It is proved in [45] that the basic reproduction number is the spectral radius of
the next generation matrix for the model, namely !FV !1 (the minus sign comes
from Metzler matrices used in place of M -matrices)
R0 = '(!FV !1) = '(!x" b!T A!1)
It is clear that !x" b!T A!1 is a rank one matrix, the only nonzero eigenvalue
is given by !x" !T A!1 b, which exactly our claim.
3.4. Equilibria. We will also obtain a simple formula for the equilibria.
There exists an evident equilibrium for (3) which is (x", 0, · · · , 0). We call this
equilibrium the disease free equilibrium. We also denote this equilibrium by DFE.
Any equilibrium (x̄, ȳ) satisfies
"(x̄) = x̄!T ȳ
x̄!T ȳ b = A ȳ
which gives ȳ = x̄!T ȳ (!A!1)b and consequently
!T ȳ = x̄!T ȳ !T (!A!1)b
If !T ȳ = 0, since A is stable, hence nonsingular, we get ȳ = 0 and x̄ = x" which








ȳ = "(x̄)(!A!1)b (8)
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Since x" is globally asymptotically stable "(x̄) is positive if and only if x̄ < x",
hence if and only if R0 > 1. Using that A is a Metzler stable matrix we deduce
ȳ > 0 if and only if R0 > 1.
We have proved that a unique endemic equilibrium exists (in the nonnegative
orthant) if and only R0 > 1. This endemic equilibrium is in the compact absorbing
set K!
4. Global asymptotic stability of the DFE. We give a simple proof for the
system (3) with a general stable Metzler matrix A
The system (3) is globally asymptotically stable at the disease free equilibrium
(DFE) (x", 0, · · · , 0) if and only if R0 = !T (!A!1)bx" ! 1.
Proof : In a first step we will prove that if R0 ! 1 , the DFE is globally asymptot-
ically stable on nonnegative orthant. It is well know that if R0 > 1 then the DFE
is unstable. Thus the condition R0 ! 1 is necessary.
To prove the su#ciency we consider the following Lyapunov function (in LaSalle’s




(x! x" lnx)! !T A!1y ! 1
x"
(x" ! x" lnx") (9)
This function is nonnegative in general, since we only knows that !T A!1 > 0.







"(x)! x !T y + x" !T y
1
! x!T y !T A!1b! !T y



















!T y (R0 ! 1) (10)
With the hypothesis that x" is globally asymptotically stable on R+ for the
system ẋ = "(x), we have (x ! x")"(x) ! 0 for all x " 0. Therefore V̇ ! 0 for
all (x, y) in the positive orthant. We restrict our attention, for the moment, to
the positively invariant compact set K!. The attractivity of the DFE follows from
LaSalle invariance principle since the largest invariant set contained in {(x, y) #
K! | V̇ = 0} is reduced to the DFE . This proves the global asymptotic stability on
K!( [6], Theorem 3.7.11, page 346 ). Since K! is absorbing this proves the global
asymptotic stability on the nonnegative orthant.
5. Global stability of the endemic equilibrium. Global results of stability for
the DFE as well for the endemic equilibrium for epidemic models are not so common
[17, 44]. Global stability results for the endemic equilibrium using the Li-Muldowney
techniques ([33]) bear upon properties of monotone systems. Usually the Poincaré-
Bendixson property of monotone systems in dimension 3 is used. [15, 33, 40]. These
techniques are far from being straightforward for high dimensional systems. In
recent years Lyapunov methods have been used. A Volterra-like Lyapunov function
has been used in [29] to prove global stability of the endemic equilibrium for SEIR
models. This function has a long history of application to Lotka-Volterra models
[12] and was originally discovered by Volterra himself, although he did not use
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the vocabulary and the theory of Lyapunov functions. Since epidemic models are
“Lotka-Volterra” like models, the pertinence of this function is not surprising. The
global stability for DI models, with any number of compartments, with mass action
incidence has been proved in [38]. For the SP model only local results are known.
We will use a Volterra-like Lyapunov function. The di#culty is in the choice of the
coe#cients and in proving the negative definiteness of the derivative. We propose
a general technique for finding the coe#cients. The proof of the negativity is more
involved and bear upon additional properties of A.
In this section we will describe a method to prove the global stability of the
endemic equilibrium. We will apply this method to the SP model with mass action
incidence, to establish the global stability, which improve results of [22, 21]
5.1. The general stategy. The proof is based on a Volterra-like Lyapunov func-
tion, defined on the positive orthant
VEE(x, y) = a0 (x! x̄ lnx) +
n%
i=1
ai (yi ! ȳi ln yi) + K
Where K is the constant K = a0 (x̄! x̄ ln x̄)+
&n
i=1 ai (ȳi! ȳi ln ȳi). This function
is positive on the positive orthant.
We first prove that we can choose the coe#cients such that, in the expression of
V̇EE , there are no linear terms in y and no bilinear terms.















= !1 + bT (!A!T ) x̄! = !1! !T A!1 b = !1 + 1 = 0
using the relation (7) for x̄
The matrix is a codimension 1 matrix, the kernel is one dimensional, then we
have one degree of freedom with a = !a0 x̄ A!T !. Any positive value for a0 gives
a nonnegative a. We choose.





"(x)! a0x!T y + a0x̄!T y+
x!T y aT b + aT Ay
!x!T y aT diag(ȳ) (diag(y))!1b! aT diag(ȳ) (diag(y))!1 Ay
Since a0 = bT a = aT b and a = a0 x̄ (!A!T ) ! the terms !a0x!T y and





"(x)! x!T y aT diag(ȳ) (diag(y))!1b! aT diag(ȳ) (diag(y))!1 A y
(12)
The problem is now to rewrite the last expressions.
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5.2. The SP model. We will apply the general strategy to a SP model with
latent classes. Then we consider a SE1 · · ·Ek Ik+1 · · · In model, and we prove the
global asymptotic stability of the endemic equilibrium when R0 > 1 for the usual
demographic function "!µX x and give a su#cient condition for global asymptotic
stability in the general case. If we remark that in this model, the latent classes can
be considered as infected classes with 0 transmission, i.e. !i = 0 for i = 1, · · · , k.
Theorem 1. For the system (1) when R0 > 1 there is a unique endemic equilibrium.
This endemic is then globally asymptotically stable for the function "(S) = " !
!µS S. More generally for a class C1 function ", if max "$ $ "1#1 "(
x!
R0 ) the endemic
equilibrium is globally asymptotically stable.






i=1 !iĪi)x̄ = #1Ī1
$1Ī1 = #2Ī2
$2Ī2 = #3Ī3
· · · · · · · · · · · ·
$n!1Īn!1 = #nĪn




b1 ! a = 0
a!1x̄! b1#1 + b2$1 = 0
a!2x̄! b2#2 + b3$2 = 0
· · · · · · · · · · · ·
a!nx̄! bn#n = 0
We deduce for the endemic equilibrium
b1#1Ī1 = a!1x̄Ī1 + b2$1Ī1
= a!1x̄Ī1 + b2#2Ī2
= a!1x̄Ī1 + a!2x̄Ī2 + b3#3Ī3
· · · · · · · · · · · ·
= a!1x̄Ī1 + a!2x̄Ī2 + · · · + a!nx̄Īn
More generally we have
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and





The derivative of VEE expressed in (12) is


































































rearranging this equation gives





















































If we group the terms in brakets in order to have the geometrical mean equal to
1 , we will have


































But we also know that




















































































Then we have V̇ ! 0 if and only if "$(c) ! !1Ī1 ! 0 ; but we already have
#1Ī1 = "(x̄) So the condition for the V̇ to be definite negative is
V̇ ! 0 i! "$(c) ! !1
#1
"(x̄)
which is obviously satisfied for "(x) = "! µx x.
Remark 1. This proof establishes a sligthly more general result and gives a su!cient
condition for more general demographic function "(x)
6. Conclusion. In this paper we propose a class of epidemiological systems with
mass action incidence with a general structure. We provide a very simple formula
for the basic reproduction ratio R0. When R0 $ 1 we prove the global asymptotic
stability for the disease free equilibrium. When R0 > 1 we prove the uniqueness of
an endemic equilibrium and provide a simple explicit formula for the components of
the endemic equilibrium. Since our class of systems encompass the DI,SP and DISP
models we improves the results of [21, 22, 20] We propose a strategy for proving the
global stability and apply it to SP model. The result is new.
The authors wants to thanks anonymous referee whose suggestions have improved
the manuscript. The results in this paper have been exposed in june 2006 at the
AIMS conference in Poitiers. We recently learned that similar results have been
obtained in [16]. However our result is more general and simpler.
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